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(N ■ Abstract. Recently Prank & Seiringer have shown an isoperimetric inequaUty for nonlocal 

^ ' perimeter functionals arising from Sobolev seminorms of fractional order. This isoperimetric 

inequality is improved here in a quantitative form. 

in 
o 
p 

' 1. Introduction 

I Isoperimetric inequalities play a crucial role in many areas of mathematics such as geom- 

etry, linear and nonlinear PDEs, or probability theory. In the Euclidean setting, it states 
that among all sets of prescribed measure, balls have the least perimeter. More precisely, 
, , ■ for any Borel set E C of finite Lebesgue measure, 

^: 7v|B|i/^i^|(^-i)/^ <p(^), (1.1) 

where B denotes the unit ball of centered at the origin. Here P{E) denotes the 
distributional perimeter of E which coincides with the {N — l)-dimensional measure of 
dE when E has a (piecewise) smooth boundary. It is a well known fact that inequality 
()1.1|) is strict unless i? is a ball. Here the natural framework for studying the isoperimetric 
inequality is the theory of sets of finite perimeter. We briefly recall that a Borel set E of 
finite Lebesgue measure is said to be of finite perimeter if its characteristic function xe 
belongs to BV{R^), and then P{E) is given by the total variation of the distributional 
derivative of x^;. Throughout this paper, we shall refer to the monograph [4] for the basic 
properties of sets of finite perimeter. 

The isoperimetric deficit of a set E of finite perimeter is defined as the scaling and 
translation invariant quantity 

_ P{E)-P{Br) 
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where B,. := rB is the ball having the same measure as i?, i.e., r^|i?| ~ \E\. By the char- 
acterization of the equality cases in (jl.ip . the isoperimetric inequality rewrites D{E) > 0, 
and D{E) = if and only if is a translation of Br - Hence the isoperimetric deficit mea- 
sures in some sense how far is a set from being ball. Finding a quantitative version of 
p.ip consists in proving that the isoperimetric deficit controls a more usual notion of 
"distance from the family of the balls" . To this aim is introduced the so-called Fraenkel 
asymmetry of the set E, and it is defined by 

AiE) := nrin (^^^1^ : x € , r^\B\ = \E\ 
I 1^1 

where Br{x) :— x + rB, and A denotes the symmetric difference between sets. Note 
that asymmetry is also invariant under scaling and translations. We then look for a 
positive constant Cn depending only on the dimension, and an exponent a > such 
that A{E) < Cn{D{E)Y, which can be rewritten as a quantitative form of (|l.ip . 

P{E) >(^+ '^"^ 7V|i?|i/^|i?|(^-i)/^ . 

We shall not attempt here to sketch the history of this problem, but simply refer to 
the recent paper by Fusco, Maggi, and Pratelli [T7| (and references therein) where this 
inequality has been first proved with the optimal exponent a = 1/2, and to Figalli, 
Maggi, and Pratelli [M] for anisotropic perimeter functional (see also [12], and [19] for 
a survey). 

The main goal of this paper is to prove a quantitative isoperimetric type inequality 
for nonlocal perimeter functionals arising from Sobolev seminorms of fractional order. 
First, let us introduce what we call the fractional s-perimeter of a set. For s G (0, 1) and 
a Borel set E C M^, N > 1, we define the fractional s-perimetcr of E by 



If Ps{E) < oo, we observe that 



1, 



Ps{E)^ -[xeV^.^,^^.), (1.2) 

for p > 1 and ap = s, where [■]vi/<''!'(R") denotes the Gagliardo V^'^'^'-seminorm and xe 
the characteristic function of E. The functional Ps{E) can be thought as a [N — s)- 
dimensional perimeter in the sense that Ps{\E) = X^~''Ps{E) for any A > (compare 
to the {N — l)-homogeneity of the standard perimeter), and Ps{E) can be finite even if 
the Hausdorff dimension of dE is strictly greater than — 1 (see e.g. (22)- It is also 
immediately checked from the definition that Ps{E) < oo for any set C M of finite 
perimeter and finite measure. 

The fractional s-perimeter has already been investigated by several authors, specially 
by Caffarelli, Roquejoffre, and Savin [7] who studied regularity for sets of minimal s- 
perimeter (see also (9| ) . Besides the fact that fractional Sobolev seminorms are naturally 
related to fractional diffusion processes, one motivation for studying s-perimeters appears 
when we look at the asymptotic s f 1- It turns out that s-pcrimeters give an approxima- 
tion of the standard perimeter, and more precisely, it follows from [T3] (see also [S]) that 
for any (bounded) set E of finite perimeter, 

lim(l - s)PsiE) = KnP{E) , (1.3) 

stl 
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where is a positive constant depending only on the dimension. Analysis by F- 
convergence as s f 1 of s-perimeter functionals can be found in |20j , and [3] . Concerning 
the behavior of PsiE) as s J, 0, we finally mention that 

Mm sPs{E) ^ N\B\\E\ , (1.4) 

for any set E of finite measure and finite s-pcrimeter for every s € (0, 1), as a consequence 
of [m Theorem 3]. 

An isoperimetric type inequality for s-perimeters has been recently proved by Frank 
& Seiringer [TH], and it states that for any Borel set E C of finite Lebesgue measure, 

\E\^^-^)/^ <Cn,sPs{E), (1.5) 



for a suitable constant Cm,si with equality holding if and only if _B is a ball. Actually, 
inequality (jl.Sp can be deduced from a symmetrization result due to Almgren & Lieb [5] , 
and the cases of equality have been determined in |16| . The constant Cn,s is given in [161 
formula (4.2)], and we notice that Cn,s is of order (1 — s) as s f 1, and of order s as s | 
by (|1.3p and (|1.4p respectively. 

Inequality (jl.Sp is of course equivalent to saying that 



PsiBr) < Ps[E) (1.6) 

for any Borel set E C such that \E\ = \Br\- In this paper we prove a quantitative 
version of inequality (|1.6p . To this purpose we introduce the following scaling and trans- 
lation invariant quantity extending the standard isoperimetric deficit to the fractional 
setting. For a Borel set E C of finite measure and Br such that \E\ ~ \Br\ > 0, we 
define the s -isoperimetric deficit as 

_ PAE)-Ps{Br) 
'''^''^ ~ PsiBr) ■ 

We have the following result. 



Theorem 1.1. Let N > 1 and s e (0, 1). There exists a constant Cn,s depending only 
on N and s such that for any Borel set E C with < ji?! < oo, 

AiE)<CN,sD,{Ey/\ (1.7) 



We emphasize that, as in the standard perimeter case, the exponent appearing in (|1.7p 
does not depend on the dimension. However we strongly suspect that the optimal 
exponent should be 1/2 as for the classical quantitative isoperimetric inequality (see 
[17114112] ). The dependence on s of the constant Cn.s remains unclear since our method 
does not yield any precise control as s 'f 1 or s J, 0, but some information can be deduced 
from (IO|) and pTi)) . 

We conclude with a few comments on the proof of Theorem ll.il The key tool used 
here is a local representation due to Caffarelli & Silvestre [5] of the 7J*/^-seminorm. 
It allows us to rewrite the s-perimeter Ps{E) as a Dirichlet type energy of a suitable 
(inhomogeneous) harmonic extension of the characteristic function of E in R;'J^^^ (see 
Remark 12. 2p . With such a representation in hands, we can adapt some symmetrization 
techniques developed in [17lll[ . 
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2. Preliminary results 

Throughout the paper, given s S (0,1), we shall consider functions belonging to the 
following weighted Sobolev space 

Wi'2(RJV+l) _ f ^ g ^M(]gAf+l) . f ^l-«|Vu|2 dxdz < +0O 

where := x (0,+cx)), and dR^+^ ~ R^. It can be easily checked that each 

u € >Vl'2(R++^) has a trace belonging to ^^(1^^) that we shall denote by u(-,0). 

In the proof of Theorem 11.11 a key point is given by the following extension lemma 
which is a consequence of a recent result by Caffarelli & Silvestre [51 Formula (3.7)], 
and a well known representation of the _ff''/^-seminorm in Fourier space (see e.g. [15[ 
Lemma 3.1]). Note that for our purposes we restrict ourselves to s € (0, 1), but Lemma l^TT] 
actually holds for any s e (0, 2). 

Lemma 2.1. Let s G (0, 1). There exists a constant Jn.s > such that for any function 
I ^-^P^lWT^dxdy = ^^J z^-^\^u\-'dxdz, (2.1) 



+ 



where u is the unique solution in Wl'"^ (M.^^^) of 

fdiv(zi~^Vu) = mM^+S 
\u = g onR^. 

Moreover, u is explicitely given by the Poisson formula, 

u{x,z)=XN,sf J: 12^ ^^^2\(N+s)/2 ' (2-2) 

Jr" (f - y\ + 2^)^^^+"^/^ 

for a constant Xn,s only depending on N and s, and u can be characterized as the unique 
minimizer of 

z^-'\Vv?dxdz, 

N + l 
+ 

among all functions v S 'Wl''^{R^~^^) satisfying v{-,0) = g. 

Remark 2.1. The constant Xn.s in (j2.2p is precisely given by (see e.g. [T]) 

X -ff 1 ^ v^_ r((jv + .)/2) 

where F is Eulcr's Gamma function. 

Remark 2.2. As a consequence of Lemma [2.11 and (jl.2p . for any Borel set E C R^ of 
finite Lebcsgue measure and finite s-perimeter, one has 



P,{E) = ^ I z^-'\^UE?dxdz, 
2 Jr«+i 



where %ie is the unique solution in ^^'^(M^+i) of 



+ 



div(zi-^Vu£) = iuM^- , 
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Note that formula (g^ yields ue & C°°(R++^), < ue < I, and ue{x,z) as 
|a;| — > oo for every z > 0. In particular, for every z > and t > 0, the set {«£;(■, z) > t} 
is bounded in M.^ . In addition, it follows from (|2.2p - (|2.3|) that UEix,z) — > 1 as z | at 
every point x of density 1 of E, and ue{x, z) ^ as z ^ at every point x of density 0. 

The proof of Theorem 1 1 . 1 1 also makes use of symmetric rearrangements, and we need 
to recall some well known facts. For a measurable function g : — > [0,oo) such that 
for all t > 0, 

H{t) := \{g > t}\ < oo , (2.5) 

the symmetric rearrangement g'^ of g is defined as the unique radially symmetric decreas- 
ing function on satisfying 

\{9^>t}\^Kt) forant>0. 

It is weh known that if 5 e W^^^{R'^) then also G Wj^'^^(M^). Moreover (see e.g. [TUl 
Lemma 3.2 and (3.19)]) for a.e. t > 0, 

fi'{t) = - [ ^dn^-^<-f ^dU^'-K (2.6) 



iig>=t} |Vg«| - |V.g| 

Polya-Szego Inequality states that the Dirichlet integral of g decreases under symmetric 
rearrangement, i.e., 

I |V.g»pda;< / |Vgpdx. (2.7) 



The next proposition gives a quantitative version of inequality \2.1\ in the special case 
where g is an N -symmetric function, i.e., a function symmetric with respect to all coor- 
dinate hyperplanes (see Theorem 3] for a similar result). 

Proposition 2.1. Let N > 1. There exists a positive constant Cm such that for any 
nonnegative, N -symmetric function g £ H^(R^), one has 



[ \9-9^\dx<CM\suppg\^ ( [ \Vg\^dx-f \Wg»\^dx 
7r« \Jr« Jr« 



1/2 



Proof. We assume first that |suppg| < +oo. By Holder's inequality we estimate for a.e. 
t > 0, 



.'{9=*} / \hg=t} 

From the coarca formula, (|2.6p and the inequality above, we infer that 



/ \Vg\^dx= ( dt f iVgldH^^^ 
JR« Jo J{a=t} 



-Jo 7W^^'^-X ^) ^'-'^ 

Since IVg'^l is constant on {g^ = t} for a.e. t > 0, we obtain in the same way, 
Jr« Jo -M [t) 
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Recalling that P{{g > t}) = ^.^^^{{g = t]) for a.c. t > 0, and that {.g" > t} is a ball, 
we infer from p.Sp . (|2.9p . and the classical isopcrimetric inequality that 



, ,9 , H,9 f°° P^ig > t}) ~ P^igi > t}) 

^" '^^'^ (2 10) 

- Jo P{{9^>t}) ■ -M'W 

Assume now that N > 2. Since {g > t} is an iV-symmetric set, and {g" > t} is the ball 
with the same measure centered at the origin, the quantitative isopcrimetric inequality 
proved in |17| and Lemma 12.21 below yield 

P{{9 > 0) - P{{9' > t}) ^ . ^ C ( \{g>t}A{g^>t}\ \ ' 

P{{9^>t}) ^^^^i3>t}) > g i^^j^^^i j , (2.11) 

where C denotes a positive constant depending only on N. Next we notice that (|2.1ip is 
trivially true for N = 1. 

Observing that for > 1, 

P{{9^ >t}) ^N\B\^/^\{g^ >0|^ ^ N\B\^^^ fi{t)^ for ah < t < esssupg , 
and, since fi is decreasing, 

/.(t)2/^(-/.'(i))dt < ^ Isuppgl^ , 
we infer from ([2TT0|) and ([2lT|) that 

\{g>t}A{gi>t} 

I vc/l - I v(/'| ax ^ o / 



/ |V5p-|Vg«pda;>C / 
Jr" Jo 



> 



Ktr/^{-f^'{t)) 

c 



■dt 



> 



J,^^{t)m{-^,'{t))dt 
c 

|suppg| N 



J \{g > t}A{g^ > t}\dt 
\{g>t}A{g^>t}\dt\ , (2.12) 



where we have used Jensen's inequality, and C still denotes a positive constant depending 
only on N, possibly changing from line to line. 
Finally we estimate 

\g-gi\dx= / X{g>t}{x) - X{g»>t}{x) dt dx 

JR" Jo 

< dt \x{g>t}{x)-X{a»t}{x)\dx^ \{g>t}A{g^ >t}\dt, (2.13) 

JO JR" Jo 

and the conclusion follows gathering p.l2p and (|2.13p . 

If jsupp^l = OO, for £ > we set g^ = max{5,£} — e. Then, by the first part of the 
proof wc have 

/ \g,~gl\dx<CN\suppg,\^ ( [ \Vg,\^dx-[ \Vgl\^dx]^ 

JR" \JR" JR" / 

1 /2 

<Cjv|suppg,|^ f / l^gfdx- f \S/g^fdx) , 
and the conclusion follows by letting e — > 0. □ 
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In the proof of Proposition 12.11 we have used the foUowing simple lemma which is 
proved in [TH Lemma 5.2]. 

Lemma 2.2. Let E C M.^ be an N -symmetric Borel set of finite Lehesgue measure, with 
\E\ ^\Br\. Then, 

ME) < < 3ME) . 

We continue by showing that the Dirichlet type energy in (|2.ip decreases under "hor- 
izontal" symmetric rearrangement. More precisely, we have the foUowing result. 

Lemma 2.3. Let s G (0,1) and u G Wl''^ (M.^^^) be a nonnegative function such that 
u{-,z) is measurable and satisfies (|2.5p for every z G (0,oo) \ N for a (possibly empty) 
set N of vanishing Lebesgue measure. Let u* : M_|_^"'^ — > [0, oo) be the function defined by 

u*{x, z) := (u(-, z))** (x) for every z G (0, +oo) \ N and x G M^. 
Then u* G W]^'^ , 

I z^-'\dM'^ dxdz > I z^-'\d^u*\'^ dxdz , (2.14) 



and 



f z^-'\V^ufdxdz> f z^-'\V^u*fdxdz. (2.15) 



+ + 



Proof. First, observe that inequaUty (|2.15p immediately follows by applying Polya- 
Szego inequality to each function u(-, z). 

To prove (|2.14p we need to recall that, given a nonnegative measurable function 
g : ^ [0, oo) satisfying \{g > t}\ < oo for aU t > and v G §^"\ the Steiner 
rearrangement of g in the direction i/ is the unique function g'^ such that {g" > t} is 
the Steiner symmetral in the direction f of {g > t} ioi all t > 0. In turn, the Steiner 
symmetral E'' in the direction v oi E d is defined as follows. Assume for simplicity 
that V = CN, and write a; G as x = (a;', xn) with x' G Set for x' G M^-\ 

E.,, {< G M : {x' ,t) G E} , l{x') := C\E,,) , 
where denotes the outer Lebesgue measure in M, and 

tt{E)+ {x' G R^-i : e{x') > 0} . 
Then the symmetrized set E''^" is defined by 

E'-'' {x G : x' G 7t{E)+ , \xn\ < iix')/2} . 

Let u G W^^'^(R++^) be a nonnegative function such that u{-,z) G C^{R'^) for a.e. 
2; > 0. Given a sequence of directions {vk} C S^-^ x {0} dense in S^^^ x {0}, we define 
by induction the following sequence of iterated Steiner rearrangements: 

ui := u"!, Uk+i := (wfc)'"'+i . 

From the Polya-Szego inequality for Steiner symmetrization, we infer that the sequence 
{uk} is equibounded in W^^^{R^^^) and that for a.e. z > 0, 

the sequence {uk{-, z)} is equibounded in W^^p{R^) for aU p>l. (2.16) 
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Therefore, up to a (not relabeled) subsequence, Uk converges weakly in T^i^f (M++^) to 
a function v which is symmetric with respect to all directions v^. From (|2.16p we have 
that for a.e. z > 0, v{-, z) £ W^'P{M.^) for all p > 1. Hence, by continuity, for all such z 
it turns out that v{-,z) is symmetric with respect to all direction G S^^^ x {0}. By 
construction we have 

|{.T e : Uk{x,z) > t}\ = |{.T e : u{x,z) > t}\ , for all fc G N, z S R, t > , 

which yields 

\{x e R^ : v{x,z) > t}\ = |{a; e R^ : u{x,z) > t}\ , for a.e. z > 0, t > . 
Hence v{-,z) = (u(-,z))'' for a.e. z > 0. Since (see e.g. [6l Theorem 1]) for all fc e N 

/ z^-'ldM^ dxdz > [ z^-'\d.uk\^ dxdz , 

we deduce (|2.14p by lower semicontinuity, letting fc oo in the above inequality. The 
general case follows by approximating any nonnegative u G W}'^{'M.^~^^) as in the state- 
ment of the lemma with a sequence {?/„} C '^(R:^^'''^) of nonnegative functions such 
that Un{-,z) G C^{R^) for a.e. z > 0, m„ ^ u in W^^^{R^+^), and 

/ z^-^ldzuJ^ dxdz ^ I z^-'ldM'^ dxdz 

as n — 7> oo. □ 



Applying the symmetrization procedure of Lemma 12.31 to the function ue defined 
by (|2.4p . we find that u*^ e ^■^(R:'J^^^), and that the exceptional set N is empty since 
{«£;(•, z) > t} is bounded for every t > Q and every z > by Remark l2.2l We now check 
that the trace of u'^ on R^ coincides with the characteristic function of the symmetrized 
set. 

Lemma 2.4. For any Borel set E C R^ of finite Lehesgue measure, u*^ e yV^'^(R:^J^+"'^) 
andu*j^{-,0) ^ XB^ withr'^lBl^lEl. 



Proof. The first assertion directly follows from Lemma 12.31 Fix now £ > and z > e. 
Then for every x £ R^ we may estimate 

\ue{x,z)\ < \uE{x,e)\ + J \dzUE{x,t)\ dt 

s/2 / pz \ 1/2 

<\uEix,e)\ + ^i^J t'-' \dzUE{x,t)\^ dtj . 

Letting e 0+ and recalling Remark 12.21 we deduce 

^s/2 / r°° \ 1/2 

\uE{x,z)\<XE{x) + ^i^J t^-'\WuE{x,t)f dtj (2.17) 

for a.e. x £ R^. Since the function on the right-hand side of p.l7p belongs to L'^{M.^), 
recalling again Remark l2.2[ by the Dominated Convergence Theorem we have ue{-, z) — >■ 
XE in ^^(R^) as z — ^ 0+. Recall now that the map / h-> /" is continuous in ^^(R^). 
Hence, we may conclude that u|j(-,z) = {ue{-,z))'^ x^e ~ Xb,^ in i^(R^) as z ^ 0+, 
which finishes the proof of the lemma. □ 
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3. Proof of Theorem [TTT] 

As in the case of the quantitative isoperimetric inequality for the standard perimeter 
proved in [T7], the strategy consists in reducing the proof of (|1.7p to the case of iV- 
symmetric sets, i.e., sets symmetric with respect to the N coordinate hyperplanes. To 
this aim, we start by proving the following continuity lemma which is needed in the proof 
of Proposition 13. II 

Lemma 3.1. For every e > there exists S > such that if E C M.^ is a Borel set of 
finite Lebesgue measure satisfying A{E) < 3/2 and Da{E) < S, then A{E) < e. 



Proof. We argue by contradiction assuming that there exists a sequence of Borel sets 
En C such that \En\ = \B\, A{En) < 3/2, and 

Ds{En)^0 with A{En)>S, 

for some e > 0. We now apply the concentration-compactness Lemma LI of jl8| to 
deduce that there exists a (not relabeled) subsequence {£'„} such that the following 
three possible cases may occur: 

(i) (up to translations) the sets {En} have the property that for every S > there exists 
Rs > such that |£'„ n Br^ | > - ^ for aU n; 

(a) for all i? > 0, sup n Bpj{x) \ — >■ as n — >■ +00; 

(Hi) there exists A £ (0, \B\) such that for all ct > 0, there exist no G N, Ej^ C En, and 
En C En satisfying for all n> uq, 

i\En\{E^n^Ef,)\<a, ||£;i|-A|<a, 1 1 - (|i?| - A) | < a , 
\dist(£'i,£'2) +00 . 

Notice that though Lemma LI in [181 is stated in a seemingly different form, a quick 
inspection of the proof shows that it is in fact equivalent to the above statement. 

We analyse separately the three cases. 
Case (i). By the compact embedding of iJ*/^(M^) into L\^^lW^), up to a subsequence, 
there exists a set F such that xe„ — > Xf in -^ioc(-'^^)- Hence, for every (5 > there exists 
Rs such that \F n Bii^ \ > \B\ - d, and thus |F| = \B\. By the assumption Ds{En) 
and the lower semicontinuity of the s-pcrimeter, we infer that Ds{F) = 0, i.e., is a 
ball of radius 1 by the characterisation of the equality cases in (|1.6p proved in [TB] . Hence 
A{En) < |B|^^|£'„AF| 0, which contradicts A{En) > £ for aU n. 

Case (a). We observe that this case can not occur since the assumption A{En) < 3/2 
implies that, up to suitable translation of each En, \Enl^B\ < 3\B\/2. In particular we 
have \En n i?| > |i?|/4 for every n. 

Case (Hi). Let us fix an arbitrary constant rj > 0. We introduce the regularized kernel 
K^-.R'^ xR'^ ^ [0, 00) defined by 



^-{N+s) ii\x~y\<ri, 
if ry < |a; — ?/| < 



\x~y\^+^ 



otherwise . 
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We observe that 



Ps{En)> / K^{x,y)dxdy 

> / Kn{x,y)dxdy + 

J El JES, 

Kr,(x,y)dxdy 



El JE. 



> 

I El J{EIY 

where for i = 1, 2, 



El J{EIY 



Krj{x,y)dxdy 

K^ix,y)dxdy-Ml-^l, (3.1) 



Krj{x,y)dxdy . 

lEi J E„\Ei 

Since K^{x, y) = whenever |x — ?/| > 77^^ and dist(i?^, EfJ — > +00, we have for n large 
enough 



K,,{x,y)dxdy < -^^^ 

E'„ J E„\(E\\JEI) V 



(3.2) 



On the other hand, by Lemma A. 2 in [T6j, we have 

/ / Kvi^^y)dxdy ^ I- / IxE^ix) - XE'^iy)\K,,ix,y) dxdy 



> 



\XB. (x) - XB, iy)\K^{x,y)dxdy 



B,i J{B 



Kj,{x,y)dxdy , 



where (r^)^|i3| = \El^\. From this last inequality, p.ip . p.2p . and the assumption 
Ds{En) — >■ 0, letting n +00 and then ct — )- 0, we deduce that 



Ps{B) > [ I Kr,{x,y)dxdy 

Jb^i J(B^iY 



B^2 JiB^-i)" 



Kri{x,y) dxdy , (3.3) 



where {r^)^\B\ = A and {r^)^\B\ = \B\ - A. 

Finally, letting 77 — > in p.3p . we conclude that 



PsiB) > PsiBri) + P^Br^) = 

which is impossible by strict concavity. 



{N-s)/N 



\B\ 



{N-s)/N' 



Ps{B). 



□ 



The following proposition shows that we can reduce the proof of (|1.7|) to the case of 
A''-symmetric sets. Its proof is almost entirely similar to the proof of Theorem 2.1 in [T7] 
except for a few changes indicated below. 

Proposition 3.1. There exists a constant Cjq^s > 0, depending only on N and s, such 
that for every Borel set E C of finite Lebesgue measure there is a N -symmetric Borel 
set F CR^ satisfying \E\ = A{E) < Cn,sA{F), and Ds{F) < 2^Ds{E). 

Proof. Without loss of generality, assume that \E\ = \B\. Given a direction i' G S^^^ 
and a G M, let us set = {x G : x ■ v ^ a} he two half spaces orthogonal to v 
such that \E^\ = |i?|/2, where E^ := E Ci H^. Up to a translation we may assume that 
a = 0, i.e., Hi, = passes through the origin. We also set 

F+ := Et U 7^,.(£;+), p- := E' u 7^,(£;-) , 



A quantitative isoperimetric inequality for fractional perimeters 11 



where TZ„ : M M denotes the refleetion with respeet to H^. We elaim that 

P^(^E) > P-^^-^'l + P^^^-^ . (3.4) 



Indeed, let be the function defined in Remark 12.21 We write ue as the sum of 

Xh+xR+'^e and Xr- xR+'^e^ ^l^ere 



M|(a;,z) 



ue{x, z) if a; e , 

ue{T^v{x), z) otherwise. 

It is weh known that ii| e Wi'^^R^+i)^ and that 

/ z^-''\Vu%\^ dxdz = 2 ( z^-''\VuE\^dxdz. 

Since u^(-,0) = Xp^ we infer from Lemma |2. II that 

/ z^-'\\7uE\^dxdz = l [ z^-'{\Vu+\^ + \S/u];;\^)dxdz 

from which p.4p fohows. 

Next we observe that the ease = 1 immediately follows from p.4p . In fact, given 

the C M and denoting by and the set obtained by the construction above, 
inequality <\3A\i yields 

DJF^)+DJF'^) , , 

while 

A(E) < J < - (J + J ^-^) < 2(^(^ ) + )) ' 



where the last inequality follows by Lemma [2.21 Hence the conclusion follows by taking 
F^ for which A{F^) > A{E)/3. 

For iV > 2, we follow the strategy used in [17] which is based on the following claim 
(see [171 Lemma 2.5]): 

Claim: There exist two constants C and 6, depending only on N, s, such that, given E 
with \E\ = \B\ and Ds{E) < 6, and two orthogonal vectors vi and V2 in S^~^, one can 
find i e {1, 2} and j e {+, — } with the property that 

AiE)<CA{Fl^), Ds{FlJ<2Ds{E). 

Let us observe that the claim is easily proved when A{E) > 3/2. Indeed, in this case 
any of the four possible choices F^. would work. In fact, given i E {1, 2} and j e {+, — }, 
from we have that Ds{Fl_) < 2Ds{E). Moreover, by the assumption A{E) > 3/2 
we have \Er]B{x)\ < |B|/4 for all x G R^, and thus |F^. nB(a;)| < \B\/2 for ah x e R^. 
Therefore > 1. 

If instead A{E) < 3/2, the proof of the claim follows exactly as the proof of Lemma 2.5 
in |17| with the obvious observation that the continuity Lemma 2.3 in |17| must be 
replaced here by our Lemma |3. II which holds since A{E) < 3/2 by assumption. 

Once the claim above is proved, the argument used in the proof of Theorem 2.1 in |17j 
can be reproduced here word for word, thus leading to the conclusion. □ 
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Proof of Theorem 11.11 Without loss of generality we may assume that \E\ = \B\, and 
that E has finite s-perimeter. Moreover, we may also assume that Ds[E) < 1, and that 
E is an A^-symmetric set thanks to Proposition 13. II . 

By Lemma [2.41 we have e Wl'^i^S.^'^^) and u*^ = xb on K^, and we infer from 
Lemma 12.11 and Remark 12.21 that 

Ps{B)^^ f z^-'\VuB?dxdz<^ I z^-'\\/u*E\''dxdz. 
2 2 Jr«+i 



From Lemma [2.31 and Fubini's theorem, we also deduce that 
2P,{B) 



^-DJE)> [ z^-'lVuEl^dxdz- [ z^-'lVull^ dxdz 

> / z'-'{\V,ue\^ ~\V,u*E\^)dxdz (3.5) 



N + 1 

+ 



> I ( / \^:,Ue\^ -\^:cU*E\^dx] dz. 

Let us now set ve {ue — 5)^- It is standard to eheck that ve G }Vl''^{^^^^)., 



ve{-,0) = hxE, and that 



Vwij = X{«E>i/2}Vuis a.e. i 



m 



pN+l 



By Remark |2.2[ ve{-,z) has compact support and belongs to H^{M.^) for all z > 0, and 
^xVe{-,z) = X{ue{-,z)>i/2}^xUe{-,z) a.e. in K^. (3.6) 

Then we observe that v*^ = (uj; - i)^, so that v*j^ e yVi'2(R^+i), t>^(-,0) = ^xb, and 

= X{«j,>i/2}Vu|j a.e. in M^+^ . 

In addition, by the Polya-Szego inequality we have «!;(•, z) G H^{M.^) for all z > 0, and 
^xV*e{-,z) = X{u'j,{-,z)>i/2}^xU*e{-,z) a.e. in R^. (3.7) 

Squaring both sides of (|2.17p . and integrating over R^, we infer 



/ \ue{x,z)\^ dx <2\E\ + — [ t^-' \\/uE{x,t)\^ dxdt 



< 2\B\ + -^Ps{E) < 2\B\ + =: /3(s) , (3.8) 

SjN.s SjN.s 

where we have used the fact that Ds{E) < 1 in the last inequality. As a consequence, for 
all z e (0, 1) we have by Chebyshev's inequality, 

|suppu£;(-,z)| = ja: e R^ : W£;(a;,z) > i| < 4/3(s) . (3.9) 

Since the set E is iV-symmetric, it follows from (|2.2p that ue and ve inherit the same 
symmetry with respect to x. Using Proposition 12. II and p.9p . we may now estimate for 
ah z G (0,1), 

\ve{x, z) - v*e{x, z)\ dx 

1/2 



< cnP{s) 2« 



/ \\/^ve{.x,z)\' -\\/.,v*e{x,z)\' dx^ , (3.10) 
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for a suitable constant cjv > depending only on N. 
Next we claim that for all z > 0, 

/ \\/^UE{x,z)\dn^-^ - I |V^u|(x,z)|d-H^~i > fora.c. t>0. 

(3.11) 

Indeed, given z > 0, we may argue as in the proof of (|2.8p to obtain for a.e. t > 0, 



f \'^.UE{x,z)\dH^-^ > 



N-1 



I ■ -/I X — r 1 ^gjA 

{uE{-,z)=t} Jtup:(-.z)=t} |V^«E(2;.2l| '^"'^ 



{«£;(■, z)=t} \\'!cUe{x,z)\ 

^ {n^-H{uU;z) = t}))' f 

> 1 ^n iw^ " / \VxUE{x,z)\dnx , 

using (|2.6p . the standard isoperimetric inequality, and the fact that |Vxit|;(-, z)| is con- 
stant on {u*e{-, z) = t}. 

Then we derive from p.lip . p.6p . p.7p . and the coarca formula that for all z > 0, 



|V:r"_B(a;,2:)| ~ \VxU*e{x,z)\ dx ^ \VxVEix,z)\ - \VxV*Eix,z)\ dx 
+ / dt( f \WxUE{x,z)\dn^-^- f \WxU*E{x,z)\dn^-' 

Jo \J {uE{-,z}=t} J{uH-,z)=t} 

z)\' ~\VxV*e{x,z)\^ dx. (3.12) 



By an argument similar to the one used in the proof of p.l7p and p.Sp . we may estimate 
for all z > 0, 

i J \ue{x,0) - u*e{x,0)\ dx = J \ve{x,0) - v*e{x,0)\ dx 

<f \vE{x,z)~v*E{x,z)\dx+ ^^^ ^ (f t^-'\\/{vE~v*E)\^dxdty . 
Jb \JBxK+ / 

From the above inequality, p.lOp . and p.l2p we deduce that for all z e (0, 1), 

\B\E\^ I |ii£;(x,0) - w^(x,0)| da; 

JB 



\ 1/2 
2 ^ 



< 2cnP{s)^ / \^xVe{x, z)f - \VxV*e{x, z)f dx 

2|B|i/2^«/2 ^ /■ t^'^\^y^^x^t)-\/vl{x,t)\'dxdt\ 



1/2 



1/2 

<2cNfi{s)'^[ I \VxUe{x,z)\' ~\^xUe{x,z)\' dx 



2y2|B|i/2^^/2 



/ t^--U\VuE\'^ + \Vu*\'^)dxdt 

Jr" + i 



Let us fix r G (0, 1] to be chosen. Squaring the first and last sides of the inequality above. 
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multiplying by z and integrating in (0, r) with respect to z yields 



\B \ E\ _2_, ^ 8^^^(^)^ f ^i-s f f |v,ui5(x, z)f - \V,uUx, z)\^ dx] dz 

Jo Vjk" / 



2-s 



8|S|t2 



/ z^-' (\\/ue\^ + \yu*\^)dxdz. 



Using the Polya-Szego inequality, the assumption Ds{E) < 1, and p.Sp . we derive that 
\B\E\^< 32c%m'^^D4E)r-^ + 6^^^,. 



<C*^^^{Ds{E)j— + -], (3.13) 



with 



which only depends on s and N. Next we observe that, among all values of r G (0, 1], 
the right handside of p.l3p is minimized for r = ^/DJ~E). Hence, 



2C 



1/2 



s/4 



Finally we observe that 2\B \ E\ ^ \BAE\ > \B\A{E) since \E\ = \B\, and the proof is 
complete. □ 



Acknowledgements. This research was partially supported by the ERC Advanced Grants 2008 
Analytic Techniques for Geometric and Functional Inequalities. The research of V.M. was also 
partially supported by the Agence Nationale de la Recherche under Grant ANR-IO-JCJC 0106. 



References 

[1] M. Abramowitz, la. Stegun : Handbook of mathematical functions with formulas, graphs, 
and mathematical tables, reprint of the 1972 edition, Dover Publications, New York (1992). 

[2] F.J. Almgren, E.H. Lieb ; Symmetric decreasing rearrangement is sometimes continuous, 
J. Amer. Math. Soc. 2 (1989), 683-773. 

[3] L. Ambrosio, G. De Philippis, L. Martinazzi : Gamma-convergence of nonlocal perime- 
ter functionals, preprint (2010). 

[4] L. Ambrosio, N. Fusco, D. Pallara : Functions of Bounded Variation and Free Discon- 
tinuity Problems, Oxford University Press, New York (2000). 

[5] J. BOURGAIN, H. Brezis, p. Mironescu : Another look at Sobolev spaces, in Optimal 
Control and Partial Differential Equations (J. L. Menaldi, E. Rofman et A. Sulem, eds.) a 
volume in honor of A. Bensoussans's 60th birthday, lOS Press, 2001, 439-455. 

[6] F. Brock : Weighted Dirichlet-type inequalities for Steiner symmetrization, Calc. Var. 
Partial Differential Equation 8 (1999), 15-25. 

[7] L. Caffarelli, J.M. Roquejoffre, O. Savin : Non-local minimal surfaces. Comm. Pure 
Appl. Math. 63 (2010), 1111-1144. 

[8] L. Caffarelli, L. Silvestre : An extension problem related to the fractional Laplacian, 
Comm. Partial Differential Equation 32 (2007), 1245-1260. 

[9] L. Caffarelli, E. Valdinoci : Uniform estimates and limiting arguments for nonlocal 
minimal surfaces, preprint (2009). 



A quantitative isoperimetric inequality for fractional perimeters 15 



[10] A. ClANCHl, N. Fusco : Functions of bounded variation and rearrangements, Arch. Ration. 
Mech. Anal. 165 (2002), 1-40. 

[11] A. ClANCHl, N. Fusco, F. Maggi, A. Pratelli : The sharp Sobolev inequality in quan- 
titative form, J. Eur. Math. Soc. 11 (2009), 1105-1139. 

[12] M. CiCALESE, G. Leonardi : A selection principle for the sharp quantitative isoperimetric 
inequality, preprint 2010. 

[13] J. Davila ; On an open question about functions of bounded variation, Calc. Var. Partial 
Differential Equations 15 (2002), 519-527. 

[14] A. FiGALLi, F. Maggi, A. Pratelli : A mass transportation approach to quantitative 
isoperimetric inequalities. Invent. Math., to appear. 

[15] R.L. Frank, E.H. Lieb, R. Seiringer : Hardy-Lieb-Thiring inequalities for fractional 
schrodinger operators, J. Amer. Math. Soc. 21 (2008), 925-950. 

[16] R.L. Frank, R. Seiringer : Non-linear ground state representations and sharp Hardy 
inequalities, J. Funct. Anal. 255 (2008), 3407-3430. 

[17] N. Fusco, F. Maggi, A. Pratelli : The sharp quantitative isoperimetric inequality, Ann. 
of Math. 168 (2008), 941-980. 

[18] P.L. Lions : The concentration-compactness principle in the calculus of variations. The 
locally compact case. L, Ann. Inst. H. Poincare Anal. Nan Lineaire 1 (1984), 109-145. 

[19] F. Maggi : Some methods for studying stability in isoperimetric type problems. Bull. 
Amer. Math. Soc. 45 (2008), 367-408. 

[20] A.C Ponce : A new approach to Sobolev spaces and connections to F-convergence, Calc. 
Var. Partial Differential Equations 19 (2004), 229-255. 

[21] V. Maz'ya, T. Shaposhnikova : On the Bourgain, Brezis, and Mironescu theorem con- 
cerning limiting embeddings of fractional Sobolev spaces, J. Funct. Anal. 195 (2002), 230- 
238; Erratum, J. Funct. Anal. 201 (2003), 298-300. 

[22] T. RuNST, W. SiCKEL : Sobolev spaces of fractional order, Nemytskij operators, and nonlin- 
ear partial differential equations, de Gruyter Series in Nonlinear Analysis and Applications 3, 
Walter de Gruyter & Co., Berlin, 1996. 



